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Abstract
We suggest a way to implement conformal bootstrap program for
the case of the N = 1 SCFT in three dimensions using the previous
analysis of the Ising model in [1]. We find approximate values for the
conformal dimensions of several operators and the central charge CT ,
the coefficient in the two-point function of the stress-tensor. Boost-
rapping this particular (minimal) SCFT is of special interest as it was
suggested in [2] that it may realize supersymmetry in 2+1 dimensions
in experiment. The values are in a good agreement with the previous
estimate in [2].
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In this note we offer a way to apply the three-dimensional conformal
boostrap program [1, 4] to the minimal N = 1 SCFT in three dimensions.
The natural candidate for this model is the infrared fixed point of the UV
Lagrangian theory whose superfield is the real scalar superfield Σ containing
a real scalar σ and a Majorana fermion ψ. The interactions are the Yukawa
interaction σψαψβǫ
αβ and its superpartner σ4 which come from the real
superpotential W = Σ3, so that the interaction terms are V = W |θ2 . This
theory has recently been the subject of a search of supersymmetric theories
in condensed matter systems [2].
In this real scalar supermultiplet Σ there are only two conformal pri-
maries: the superconformal primary σ and another scalar ǫ which lives on
the second level and is ǫ = ǫαβ [Qα, Qβ ]σ, or in components (omitting the
fermion)
Σ = σ + ǫαβθαθβǫ+ ... (0.1)
The scalar ǫ is the F−term giving F = σ2 on the F− term equation.
Furthermore, it is a conformal primary without any mixing with total deriva-
tives as there are no total derivatives to mix with.
Now consider OPE of a two scalars σ(x)σ(0) from a real scalar multiplet.
Schematically, it is
σσ = 1 + σ2 + ..., (0.2)
where σ2 is the composite operator. It is a conformal primary operator
in a real scalar multiplet O,1 so it comes together with another conformal
primary scalar. Let us denote the second primary as ε. Thus, in terms of
conformal primaries, schematically,
σσ = 1 + λ(aσ2 + bε) + ..., (0.3)
where the relative values of a and b are fixed by N = 1 superconformal
symmetry.
To find this relation we may turn to the superfield formalizm [5].
We need to consider the three-point function
< OΣΣ > (0.4)
1We are going to identify this supermultiplet with Σ itself momentarily.
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From [5] equation (5.28) we have an ansatz
< OΣΣ >=
H(X1,Θ1)
(x2
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+ 1
4
θ4
12
)η2(x2
13
+ 1
4
θ4
13
)η3
(0.5)
Here (X1,Θ1) are some complicated functions of the supercoordinates.
We will not give their explicit form (see [5]).
H must be a scalar and be homogeneous with weight (η2 + η3 − η1 =
2∆σ −∆ǫ).
As in 4d [3], setting θ2 = θ3 = 0 and θ1 = θ we get the relation between
< σσǫ > and < σσǫ′ >.
It is straightforward to expand this expression in θ. There are two such
expressions. We do not give expressions for them as this will not be impor-
tant. The result is that one of the two three-point function is zero. It is
easy to understand the reason behind this.
That fact that only one of the operators σ, ε appears in the OPE σσ is
a reflection of the parity properties of the fields.2 Indeed, the Yukawa term
σψαψβǫαβ of the UV Lagrangian implies that the parity is preserved with
σ being a pseudoscalar. This has the following consequences.
The field σ is actually ε and itself cannot appear in the OPE σσ, so we
can write schematically σσ = 1+σ2+..., where σ2 is the composite operator.
Furthermore, we can include the next scalar operator ǫ′ (do not confuse it
with ε = σ!), another primary operator, possibly, for example, [σ4] or [σ6]
which we discuss later on, so that σσ = 1 + σ2 + ǫ′ + .... The structure of
this OPE is just like that in the Ising model if we denote ǫ = σ2 and ǫ′ = ǫ′.
Of course, the conformal dimensions of these operators are not those in the
Ising model.
To justify the identification of ε with σ, return to the UV Lagrangian
for a moment. The F−term equation sets the F−component of the real Σ
supermultiplet to σ2, so that
Σ = σ + θψ + θ2σ2. (0.6)
This immediately gives us a relation between conformal dimensions of σ
and σ2: ∆σ2 = ∆σ+1. Just as only one of the two conformal primaries of the
Σ-supermultiplet appeared in the σσ OPE, only one of the two primaries in
the real supermultiplet E containing ǫ′ will appear in the same OPE, the one
which is a scalar, not a pseudoscalar. We denoted it as ǫ′. This conformal
primary may be a superconformal primary or maybe its superdescendant.
This is not important for our analysis.
2We are greatful to Davide Gaiotto for pointing this out to us.
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So at this level of the OPE the difference between the CFT and SCFT
data is not seen. The operators on the right hand side come in conformal
multiplets, not in superconformal multiplets! Of course, there will be dif-
ference in OPE coefficients and conformal dimensions of operators on the
right hand side, but given the ignorance about them we do not know the
difference. Naively then it seems that there is an obstacle in bootstrapping
the superconformal model since we cannot distinguish it from a CFT model,
more precisely, the Ising model. However, it is actually helpful, as we will
be able to use the numerics for the Ising model and take into account su-
persymmetry through relations between conformal dimensions of operators
in the same superconformal multiplet. Furthermore, the part of numerics
for the Ising model that we borrow is universal – it does not depend on the
information about the operators that appear on the RHS of the σσ OPE
except the very first one, σ2. This is a consequence of the analysis of [1]
illustrated in the figures 3 through 5.
Forgetting for a moment about the constraint ∆σ2 = ∆σ+1, the steps of
implementing the Conformal bootstrap to the four-point function < σσσσ >
are identical to the Ising model case [1, 4] as long as we do not take into
account the known bounds on ǫ′ and other operators in the Ising model.
This means that we get the same curve for the upper bound on ∆σ2 as a
function of ∆σ as the curve for the ∆ǫ as a function of ∆σ in the Ising model.
In the following we heavily use the numerical results and graphics for
the bootstrapped Ising model analyzed in [1]. Namely, we use figures 3-5
and figure 11.
Now to distinguish our N = 1 minimal SCFT from the minimal CFT
which is the IR limit of the Ising model, we take into account the constraint
∆σ2 = ∆σ + 1. This line intersect the allowed region for the (∆σ,∆σ2) in
figures 3-5 in [1] and gives a lower bound on the conformal dimension of
the σ which is approximately ∆σ(min) ≈ 0.565 which is, of course, above
the conformal dimension of σ in the Ising model. We note that this bound
does not change noticeably in the figures 3 through 5. Of course, this bound
can be improved, that is increased to some extent when imposing some
constraints on the conformal dimension of other operators in the σσ OPE,
for example, ǫ′ and improving the numerics. However, as the analysis of the
Ising model suggests, there will be only a very weak dependence on these
additional parameters, as the upper part of the curve for the Ising model
(the bound curve above the Ising point) is essentially unmodified as is seen
in [1] in figures 3 through 5.
So we know that ∆σ ≥ 0.565. Now we make use of the following empirical
observation [1, 4]: in all known minimal models the central charge CT defined
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as the coefficient in the two-point function of the stress-tensor attains its
minimal value as a function of ∆σ allowed by a lower bound
3. See figure 11
in [1]. It was again observed in [1] for the Ising model that the curve for
this bound changed insignificantly under changes of conformal dimensions
of other operators in the theory. For example, for ∆ǫ allowed to vary from
the unitary bound 1/2 to the ∆max(∆σ) the curve essentially preserved its
form and shifted a little to the right. In particular, when we restrict the
values of ∆ǫ = ∆σ2 to the supersymmetric ray, the minimum of the function
CT (∆σ) will be attained at the minimal allowed ∆σ ≈ 0.565. The minimal
value is approximately CT (0.565) ≈ 1.13 which is, of course, greater than
for the Ising Model. Note also, that the conformal dimension of σ is in a
good agreement with the value ∆σ = 4/7 = 0.571 presented in [2].
Summary
We should stress that the approximate values ∆σ ≈ 0.565, ∆σ2 ≈ 1.565,
∆ψ = ∆σ + 1/2 ≈ 1.065 and CT ≈ 1.13 were obtained assuming that the
empirical principle of the minimality of the central charge CT holds for the
minimal N = 1 SCFT which we conjectured to be the infrared fixed point of
the Lagrangian theory of a real supermultiplet with the real superpotential
W = Σ3. We are not aware of any fundamental argument in favor of the
universal validity of the CT−minimization principle. Nevertheless, it seems
to be a natural guess given its validity for all known minimal (in the sense of
bootstrap) models in three dimensions and may be the answer to the ques-
tion “what quantity is minimal in minimal models in three dimensions?”.
Furthermore, a good agreement with the estimate in [2] is evidence in favor
of this assumption in the present model. The lower bound ∆σ ≥ 0.565 is
independent of this assumption and must necessarily hold.
We want to stress again that due to the identical forms of the σσ OPE for
the first couple of operators on the right hand side for the Ising model and
the N = 1 SCFT we could borrow the analysis of the four-point function
< σσσσ > from the Ising model due to a very weak dependence on the
higher-dimension operators for the quantities of interest. These operators
are among other things that know the difference between the two theories.
The distinction was implemented by imposing the constraint ∆ǫ = ∆σ + 1,
which is a consequence of N = 1 supersymmetry. One could say that at
the level of the four-point function < σσσσ > the distinction by additional
constraint ∆ǫ = ∆σ + 1 is ’relevant’ while by higher dimension operators
3We would like to thank David Simmons-Duffin for informing us about this fact.
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are ’irrelevant’ (much weaker) as long as ∆σ is concerned. The weakness of
dependence of the ’upper’ part of the curve ∆ǫ(∆σ) where it is intersected
by the line ∆ǫ = ∆σ +1 when ∆ǫ′ was varied is demonstrated in figure 5 of
[1]. This is what validates our approach.
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